Abstract. It was shown two decades ago that the P k -P k−1 mixed element on triangular grids, approximating the velocity by the continuous P k piecewise polynomials and the pressure by the discontinuous P k−1 piecewise polynomials, is stable for all k ≥ 4, provided the grids are free of a nearly-singular vertex. The problem with the method in 3D was posted then and remains open. The problem is solved partially in this work. It is shown that the P k -P k−1 element is stable and of optimal order in approximation, on a family of uniform tetrahedral grids, for all k ≥ 6. The analysis is to be generalized to non-uniform grids, when we can deal with the complicity of 3D geometry.
Introduction
Rewriting the Navier-Stokes or the Stokes equations in the weak variational forms, the primitive unknowns, the velocity and the pressure, belong to Sobolev spaces H 1 and L 2 , respectively. Naturally, a finite element method would be the P k -P k−1 element which approximates the velocity in an H 1 -subspace of continuous P k piecewise polynomials (C 0 -P k ) and approximates the pressure in an L 2 -subspace of discontinuous P k−1 piecewise polynomials (C −1 -P k−1 ). This is a truly conforming element as the incompressibility condition is satisfied pointwise and the discrete solution for the velocity is a projection within the space of divergence-free functions. A fundamental study on the method was done by Scott and Vogelius ([11, 12] ) that the method is stable and consequently of the optimal order on 2D triangular grids for any k ≥ 4, provided that the grids have no nearly-singular vertex. A 2D vertex of a triangulation is singular if all edges meeting at the vertex form two cross lines; see Figure 1 . For k ≤ 3, Scott and Vogelius showed that the P k -P k−1 element would not be stable, and may not produce approximating solutions on general 2D triangular grids in [11, 12] . What is this magic number k in 3D? Scott and Vogelius posted this question explicitly after discovering that k = 4 in 2D. The problem has remained open for more than 20 years.
The geometry of the 3D tetrahedral grids is much more complicated than that of 2D. By adding or moving a few edges and vertices locally, one can easily eliminate Figure 1 . Singular vertices (A and B) and a nearly-singular vertex (C, when C → A), in 2D.
singular vertices in 2D; see Figure 1 . When a triangulation is singular-vertex free, it is shown by Scott and Vogelius [11, 12] that the divergence of a C 0 -P k vector space is exactly the space of C −1 -P k−1 modulus a constant. Following this approach, we found previously that this is true on Hsieh-Clough-Tocher tetrahedral grids ( [17] ) for all k ≥ 3 in 3D also. For general tetrahedral grids, it is challenging to identify all the singular vertices and edges. For example, when doing multigrid refinements on tetrahedral grids (cf. [16] ), a known type of singular edges (all face triangles meeting at the edge fall into two planes) and singular vertices (all face triangles meeting at the vertex fall into three planes) cannot be avoided. To extend the Scott-Vogelius result to 3D while avoiding the technical details on the geometry of singular vertices, we limit this research on a family of uniform grids, shown in Figure 2 . We will show that the P k -P k−1 element is stable and provides the optimal order solutions, for all k ≥ 6. When a classic iterated penalty method ( [6, 3, 4, 14] ) is used here, we only need to solve a vector-Laplacian equation for the velocity with an iteration number independent of grid size. In such a case, the mixed element is reduced to a single element, and the pressure is computed as a byproduct. This research is still far away from answering the question on the magic number k in 3D proposed by Scott and Vogelius. Since we limit our work on the uniform grids, the magic k may be greater than 6. As we require k ≥ 6 in our constructional proof, the magic k could be less than 6 as well, though unlikely; see Corollary 3.1 and the numerical result following that. We note that for the continuous pressure version of the P k -P k−1 element (k ≥ 2) on tetrahedral grids, the analysis is done in [2] , extending the Taylor-Hood element [10] . The rest of the paper is organized as follows. In Section 2, we define the P k -P k−1 element. In Section 3, we will prove the stability of the P k -P k−1 element on a uniform grid, and show the optimal order of convergence. In Section 4, we provide some numerical results.
The P k -P k−1 element
In this section, we shall define the P k -P k−1 finite element for the stationary Stokes equations. The resulting linear systems are guaranteed to have a unique solution, i.e. the (reduced) inf-sup condition always holds for such a divergencefree finite element pair. The classic iterated penalty method ( [6, 3, 4, 14] ) can be applied where the mixed element is reduced to a single divergence-free element. 
where f is the body force. The standard variational form is:
3 is the Sobolev space (cf. [5] ) with zero boundary trace,
Let Ω h be a family of uniform tetrahedral grids on Ω depicted in Figure 2 :
Then we define the P k -P k−1 mixed element spaces by
3)
It is widely known that the pointwise divergence-free mixed method is too complicated and not practical; cf. [4] . Very little work has been done on this method; cf. [1, 7, 8, 9, 11, 17, 18] . The resulting system of finite element equations for (2.2) is:
The linear system of equations (2.5) always has a unique solution, in the divergencefree element method; cf. [18] . We note that P h in (2.4) is a proper subspace of traditional C −1 -P k−1 finite element space. We will characterize it in detail below.
Letting q = div u h in (2.5), we still have the (pointwise) divergence-free property for the finite element solution (2.6)
By (2.6), the unique solution u h of (2.5) is divergence-free ( [10, 4, 3, 18] ). It is, in fact, the a(·, ·) orthogonal projection from the divergence-free space Z to a subspace Z h , defined by,
As P h may be a proper subspace of discontinuous, piecewise polynomials of degree (k − 1) or less, it may be difficult to find a nodal basis for P h in some cases. But on the other side, it is the special interest of the divergence-free element method that the space P h can be omitted in computation and the discrete solutions approximating the pressure function in the Stokes equations can be obtained as byproducts, via the iterated penalty method. This does not only simplify the coding work, but also it avoids the difficulty of solving non-positive definite systems of linear equations, encountered in typical mixed element methods. We refer to [6, 4, 3, 14, 18] for the iterated penalty method.
Stability and convergence
In this section, we will prove the inf-sup condition (3.69), i.e., the stability of the divergence-free P k -P k−1 mixed element. The analysis is done by construction, based on the unit cube domain Ω and the uniform grids Ω h , except Lemma 3.1. The convergence follows the stability routinely.
Proof. For any q ∈ P h , by the inf-sup condition for the continuous functions (cf. [10] ) there is a
We modify the Lagrange interpolation operator slightly to define a "Fortin operator" (see [4] ):
at all nodes except the four internal face nodes, where I h u q (b i ) (see Figure 3 ) is chosen so that the integral on each of the four face triangles matches that of u q . We note that an averaging interpolation can be adopted if the function u q is not continuous, as usual; see [13] . Also follow, for example, [13] , it is standard to show the stability of such an interpolation operator by scaling:
The interpolant also preserves the divergence elementwise:
We note that the above analysis in defining I h u q ∈ V h,3 is well known in showing the stability of P 3 -P 0 element in 3D; cf. [17] .
After matching the integral values of q elementwise by div v 1 , we next match the vertex-values of q − div v 1 . Figure 4 , the vector field w h vanishes on the four boundary faces meeting at B; it follows that in each of the two tetrahedra sharing the vertex B, w h vanishes along the three edges meeting at For a Type (c) vertex, similarly, all four tetrahedra meeting at the vertex have three boundary edges. Therefore, q(a
Lemma 3.2. For any q
For a Type (b) vertex such as A in Figure 4 , there are six tetrahedra {K j } sharing the vertex. We define a vector function v 2,(b) ∈ P 3 3 ∩ C 0 (∪K j ) such that v 2,(b) = 0 at all Lagrange nodes except nodes on the diagonal edge of the cube formed by the six tetrahedra, i.e., nodes a and b in Figure 5 . As v 2,(b) has three components, there are in total 6 degrees of freedom for such a v 2,(b) , at nodes a and b. Note that, as w h | ∂Ω = 0, the gradient of w h at A are the same on two tetrahedra sharing a flat boundary. That is,
The three values of q(A) at a boundary vertex A would be matched by three degrees of freedom of v 2,(b) while the other three degrees of freedom of v 2,(b) would make ∇v 2,(b) = 0 at the opposite vertex G.
Let us give an explicit construction of v 2,(b) . Without loss of generality, let ABCDEF GH be the unit cube at the origin. Let a "derivative nodal" basis function φ (b) (x, y, z) at A be the continuous piecewise P 3 function which has nodal value 0 at all Lagrange nodes except two diagonal nodes a and b (see Figure 5 ), so that
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The function v 2,(b) to be constructed is
By the construction div v 2,(b) has zero nodal values at all vertices of 6 K j , except at vertex A, where the six values match that of q. By the equivalence of norms on the unit cube for piecewise polynomials, we have
On the other side, we used scaled derivatives to define v 2,(b) and we get the following bound:
We note that due to the uniform grid, we can compute the constants in (3.7) and (3.8). For example, by (3.5) and (3.6), we can obtain
But the constants in (3.7) and (3.8) would depend on the polynomial degree k. The constructed v 2,(b) satisfies (3.2) and (3.4), but not (3.3), i.e., K j div v 2,(b) = 0. By the divergence theorem, the integral on the whole cube formed by the 6 tetrahedra is zero. After correcting the integrals on 5 of the 6 tetrahedron by functions supported inside two tetrahedra each time, the last integral on the sixth integral would be zero also. First, we define v 2,(b1) by
where n AGE is the outward normal to the face AGE on tetrahedron AGEH and φ AGEH is a P 3 polynomial identically zero on the three faces of AGEH except face triangle AGE. φ AGEH is zero on all Lagrange nodes except c; cf. Figure 5 . For example, if AGEH is the unit cube as in (3.6),
In (3.9) d 0 is chosen so that v 2,(b1) is continuous on the interface. We note that c 0 can always be found to satisfy (3.10) as n AGE · ∇φ AGEH is strictly positive inside AGEH for the third degree polynomial φ AGEH . By a scaling argument, we have also that
Next, we repeat the process on the two tetrahedra AGF E and AGF B to define
It follows by the construction that
Repeatedly, we obtain v 2,(bi) , i = 1, 2, ..., 5. We note that after we define v 2,(b5) , the integral of the divergence of the difference v 2,(b) − v 2,(bi) has to be zero on the sixth tetrahedron as it is zero on the seventh tetrahedron which is also the first tetrahedron.
3) and (3.4), and its divergence matches q at 6 vertices of 6 tetrahedra at A while being zero at all other vertices. By symmetry, we can construct such aṽ 2,(b) at the other vertex G. Figure 6 . 8 tetrahedra meeting at a vertex J.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
DIVERGENCE-FREE FINITE ELEMENTS ON TETRAHEDRAL GRIDS 677
For a Type (d) vertex, for example, J in Figure 4 , we construct aṽ 2,(d) . This time, we have two internal edges meeting at J, on which we have 6 degrees of freedom to match div v 2,(d) with q at the 8 vertices of 8 tetrahedra meeting at J. Similar to (3.5) and (3.7), we define one part of v 2,(d) as follows (cf. Figure 4) .
To do so, we repeat the construction of v 2,(b) . Next, on an internal edge JM, we define a nodal basis function φ (d) like (3.5):
assuming that M is the origin and MN is an edge in the y direction of length 1.
We construct the second part of
The answer is yes. As continuous P 3 functions, the gradients of three components w h at J are
where w i,j are constants. Then
Hence, as div v 2,(d) matches the 7 values of q = div w h at J, it matches the eighth value div w h | MJGL (J). Finally, we correct the perturbation of v 2,(d) on the 8 tetrahedra by 7 bubble functions v 2,(dj) to obtain aṽ 2,(d) to preserve condition (3.3), as we did forṽ 2,(b) by {v 2,(bi) } 1≤i≤5 .
For a Type (e) vertex, say, the mid-face vertex N in Figure 4 . The additional directional derivative of w h at N of internal edge NM will give us a P 3 nodal basis (cf. Figure 6 )
assuming M is the origin and MN is a unit edge in the y direction. Let v 2,(e1) be
Then, as w h vanishes on boundary triangles GN J and GN S, we have that div w h | MNGS (N ) = div w h | MNJG (N ), and that div v 2,(e1) matches q at N on the two tetrahedra. Next, viewing the bottom two cubes (having face squares CSNR and NRDP , respectively) below N together, N is a type J node. So, by the construction of v 2,(d) , we match nodal values of (q−div v 2,(e1) ) at N by a 5-dimensional space to get a v 2,(e2) . Again, viewing the two cubes (having face squares RDP N and P NJH, respectively) behind N together, this also makes N a type J node (a vertical mid-edge Type (d) node). We can define another v 2,(e3) to match its divergence with (q − div v 2,(e1) − div v 2,(e2) ) at N . Therefore, the divergence of
matches q at N , on all 12 tetrahedra. Unlike earlier cases, we do have (enough count) 12 degrees of freedom at N in {v h } (3 components and 4 internal edges), but {(div v h )(N )} is only of dimension 8. On the other side, the twelve values of q at N would also form an eight-dimensional vector space, because q = div w h and we have the following four constraints:
Repeating the process (3.5)-(3.12), after correcting the integral of divergence of div v 2,(e) on 12 tetrahedra by 11 bubble functions, we would obtain aṽ 2,(e) for the lemma.
For a Type (f) node, at an internal vertex M in Figure 4 , we have 14 internal edges and 24 tetrahedra connected to the vertex. These 3 × 14 = 42 degrees of freedoms for v 2,(f ) will make the divergence of it match q values at M on 24 tetrahedra. Here {q| K i (N )} is a dimension 18 vector space, not of 24 dimensions. There are 6 constraints similar to (3.18) and (3.19), around the 6 square-diagonal edges meeting at N ; cf. Figure 6 . To construct v 2,(f ) , we first view M as two overlapping Type (e) vertices with 4 squares on the left and 4 on the right to M . Then we separate the eight squares meeting M into two groups, 4 on top and 4 at the bottom, in order to use the construction for a type (e) boundary vertex. Of course, we can construct v 2,(f ) directly by giving its explicit definition as we did for v 2,(d) and v 2,(e) . Repeatedly, we correct v 2,(e) to getṽ 2,(f ) to preserve (3.3). The lemma is proved by letting
where n is the number of cubes in one direction.
After we match the element integrals and the vertex values of q ∈ P h , we will next match q pointwise on each edge within each element.
Lemma 3.3. For any q
and q vanishes at all vertices of grid Ω h , there is a function v 3 ∈ V h,k such that
, are the six edges of tetrahedron K. Proof. Let w h ∈ V h,k such that div w h = q for a q satisfying the lemma conditions. We will construct a v 3 matching its divergence with div w h at all edges. We start with an edge EA of triangle EAG; see Figure 8 . As in Lemma 3.2, we first construct a v 3,1 in V h,k for w h ∈ V h,k , for all k ≥ 4, matching q at edge EA. Then, we correct the integral of div v 3,1 by a v 3,0 supported on two tetrahedra F AGE and EAGH in Figure 8 . Regardless of the polynomial degree k in the lemma, the polynomial degree for v 3,0 can be chosen exactly 6 for all k ≥ 4. The reason is that in order to correct the elementwise divergence-free condition (3.21) while not perturbing the divergence on the edges shared by two neighboring tetrahedra, as we did in (3.10)-(3.12), we need degree 6 "bubble" polynomials which have an internal-face degree of freedom, shown in Figure 9 .
d " Lagrange nodes to 9 " T " Hermit nodes. To match the divergence of w h at edge AE (see Figures 8 and 9 ) we replace some of the standard Lagrange interpolation nodes on the face triangle AEG by some edge-normal derivatives on the face triangle. Here we replace one loop of Lagrange nodes of the standard P k element on one face triangle by Hermit nodes on the three edges of the triangle, shown in Figure 7 and Figure 8 . We show next that the P k element is well defined this way, for k ≥ 4. Let v ∈ P k defined on tetrahedron AEGH so that all interpolation values are zero. Let the restriction of v on triangle AEG be v k . Let L AE = 0, L EG = 0 and L GA = 0 be the equations for three lines AE, EG and GA, respectively. Since v k has (k + 1) zero points on the three lines, we have
Let n L AE be the unit normal vector to AE inside plane EAG. As ∂v k /∂n L AE has (k − 2) zero points on the line AE (see Figures 8 and 9 
Again, as ∂v k /∂n L EG has (k − 3) zero points on the line EG, and ∂v k /∂n L GA has (k − 4) zero points on the line GA, it follows that
Finally, as v = 0 at (k − 4)(k − 5)/2 Lagrange nodes interior to triangle AEG, we conclude that v k−6 ≡ 0 and v| AEG ≡ 0. Therefore,
Here L AEG = 0 is an equation for the plane AEG. As the rest of the Lagrange interpolation points are not altered, w k−1 = 0 at (k+2)(k+1)k/6 standard Lagrange nodes for P k−1 in 3D (see Figure 8 ) we conclude that w k−1 = 0 and v = 0. Now we are ready to prove the lemma. For each internal triangle, exactly one face triangle of each of two tetrahedra sharing this internal triangle are on the same plane, due to special structure of the uniform grid. For example, the edge EG of internal triangle EGA is on the plane EF GH of two face triangles EF G and EGH of the two tetrahedra EF GA and EGHA; cf. Figure 4 . For internal triangle QN P , the two sharing tetrahedra have edge QN on their two face triangles plane, IQRNJ. If such an edge is on the boundary, then we lose all internal edge degrees of freedom Figure 9 . Modified Lagrange interpolation nodes for P 4 , P 5 , P 6 and P 7 .
for div w h on one side of the edge, for example, div w h | AF E (x) = div w h | AF B (x) for x on edge AF ; see Figure 4 .
Let us first try to construct a P 4 polynomial v 3 at two tetrahedra GF EA and GHEA sharing an internal triangle AEG (cf. Figure 8 ) to match div v 3 and div w h on the three edges of triangle AEG. Let us try to define a P 4 "derivative nodal basis" shown in Figure 9 , which is 0 on the 6 outside face triangles of GF EA and GHEA and has a normal derivative 1 inside the face EAG and two normal derivatives 0 on another edge. For example, on EAGH, we have
with 4 constants. But one of them is determined by the internal P 4 Lagrange node, inside the tetrahedron. The other three constants would be determined by three normal derivatives, 2 on one edge, 1 on another, 0 on the third edge, shown in Figure 9 . We have three choices, EA, EG or AG, for the two-derivative edge, where the 2 normal derivatives inside triangle EAG are 0. This gives us three such "nodal basis" functions:
Since a v h function has three components, with 3 φ 3,i we can have a 3 × 3 = 9 dimensional subspace see (3.27) below. However, we need a dimension 10 {div v h } for the 10 degrees of internal-edge freedom of q on the two sides of triangle EAG. In fact, we need a dimension 12 {div v h } subspace for a general grid. But we have a special grid here that every triangle has precisely one singular edge, where the two neighboring tetrahedra have one common face plane. In this case, the edge EG is a singular Figure 8 and (3.27) . To match q at these two points, we let (3.27)
In order to match the other 8 q values on the other two edges, we need to "borrow" one degree of freedom of v h from the next interface. Similar to (3.27), we construct one more basis function on the next two tetrahedra:
We only use one additional freedom, in addition to the 9-dimensional space (3.26)
whose divergence is zero on all edges except on the EAGF side of of edge AG. We construct v 3,i so that div v 3,i match the rest of the eight degrees of freedom of q at the other two edges: edge AG:
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and edge AE:
Hence, letting v 3 = 10 i=1 v 3,i , we have div v 3 zero at all vertices, and on all other edges except the three edges on two sides of triangle AEG where the divergence matches q, assuming EG is a boundary edge. We remark that we have to "borrow" a degree of freedom from next internal triangle, no matter how high the polynomial degree k is. For example, when k = 5, we do have 3 × 6 = 18 nodal degrees of freedom for v h internal to three edges of triangle AEG, similar to (3.26) (see Figure 9 ), while q on the two sides of AEG has 18 nodal values (recall that for P 4 , we have dimensions 9 and 10 for them.) But {div v h } is still short of one dimension. Now, for all k > 4, we have (k − 4) mid-edge degrees of freedom on each edge, shown in Figure 9 . We first construct a v 3,m to match q values at the (k − 4) mid-edge points. For example, for k = 5, on edge EA of Figure 8 , we define
Then the divergence of
is zero on all edges except on the side EAGH of edge EA. As
we construct a v h as (3.27)-(3.30) so that div v h | EAGH matches (q−div v 3,m ) EAGH at two outside Lagrange nodes, (0, 0, ). For k > 5, we have exact internal degrees of freedom for defining (3.31) to match q at internal edge nodes. Hence, a construction can be done for edges EA and AG for all k ≥ 4.
Next, as in the last lemma, we have to preserve the mean divergence-zero elementwise by correcting div v 3 on three tetrahedra with two P 6 bubble functions, supported on two neighboring tetrahedra each, as (3.9). For example,
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Here we need the divergence of P 6 bubble functions be zero at all vertices as well as on all edges.
Repeating this construction for each of the 6 triangles around the diagonal edge AG, we match q at all edges, assuming Ω h has only 6 tetrahedra. For a general (small) cube ABCDEF GH in a refined Ω h , the cube has 6 two-tetrahedra edges like EA where two tetrahedra form a 90-degree face angle; cf. Figure 4 . The above construction would match q exactly at 6 such two-tetrahedra edges. But the (small) cube ABCDEF GH has also 6 one-tetrahedron edges like EH and 6 flat two-tetrahedra edges like EG (where two tetrahedra form a 180-degree face angle.) For these 6 one-tetrahedron and 6 flat two-tetrahedra edges, the above construction may not match div v 3,i with q there. We need to construct further v 3,i for these two cases.
If EH is a boundary edge, but inside a face square, such as QP in Figure 4 , then we use basis functions like (3.25), internal to triangle QP N to match q| QP at the bottom, to get a v 3,b . Then (q − div v 3,b ) would change the q values at the edge QP on the two tetrahedra inside the top cube, QP N J and QP JH. So we need to repeat the work in (3.25)-(3.30) on the triangle QP J. Next, if EH is an internal edge, such as MN in Figure 4 , the q values at edge MN are matched separately on the two cubes in front, and two cubes behind.
Finally, we consider the case of square-diagonal edge when it is not on the boundary, for example, EG in Figure 4 . There, AH and GD are such singular edges in the other two directions. For simplicity of notation, we consider the case of GD depicted in Figure 10 , where we assume D is the origin, and the two cubes sharing D are unit ones. Here GD is the intersection of two planes, ZGAD and HGCD. We first see why it is called a singular edge. At any point x 0 internal to the edge GD, for any v h ∈ V h,k , we write
where u 1 is a global P k polynomial on four tetrahedra sharing edge GD, while u 2 and u 3 are continuous piecewise-P k on the four tetrahedra. By the continuity of
Therefore, the dimension of the linear vector space of
, not 4. Thus, for any point on edge GD, we have a checkerboard mode, which is limited by the constraint (cf. [11] )
where T i stands for one of four tetrahedra around the edge GD. We need to construct local basis functions for each of three linearly independent vectors in (3.33). (3.32) provides a construction method. Let us consider first the P 4 case. Let
We next define
Then, div(v 3,s1 + v 3,s2 ) matches q at the two Lagrange points on the edge GD, in ZGDH. Note that div(v 3,s1 + v 3,s2 ) = 0 at the two Lagrange points, on the other side of plane AGDZ. Similarly, we can define v 3,s3 and v 3,s4 so that their divergence matches q at the two Lagrange points inside ZGDH, while not altering the match done on the other side of plane AGDZ. Hence (3.37)
vanishes on the edge GD on y > 0 side. As we did for the non-singular edge case AG, the construction (3.35)-(3.37) can be extended to any P k , k ≥ 4. Again, we correct q 3 on each element to keep (3.21) by P 6 bubble functions. By (3.34) and (3.37), edge GD behaves as a boundary edge for q 3 . Hence the edge values of q 3 can be matched now by the divergence of v 3,i , defined in (3.27), (3.29) and (3.30).
Summing over all such v 3,i over all edges of Ω h , after adding bubbles to preserve (3.21), denoted by v 3 , it satisfies (3.20)-(3.22).
After we match the element integrals, the vertex values and the edge values of q ∈ P h , we will next match q on each face of element. This is the simplest task among the others. The reason for this is that we can show the next lemma on any Figure 11 . The affine mapping fromK to K.
tetrahedral grid, unlike the other lemmas which are shown for the uniform grid only.
Lemma 3.4. For any q
, are the four face triangles of tetrahedron K. Proof. We note that for k = 1, 2, 3, the lemma holds with v 4 = 0 as q ≡ 0. To understand the analysis better, we first discuss the case k = 4, which is also covered in the proof for general k ≥ 4 below. For k = 4, let v 4 = c 0 φ K , where φ K is the bubble function of P 4 on K. Then div v 4 is a P 3 function with zero integral on K and zero trace on the 6 edges of K. This is exactly how q is restricted in the lemma. The three choices in c 0 for v 4 will provide a unique match to the three degrees of freedom in defining q on K. We next formalize this argument rigorously for all k ≥ 4.
For a given q specified in the lemma, we are going to construct v 4 in 4 steps:
k , where v 4,i are vector P k−4 polynomials to be specified and φ K is the P 4 bubble function on K. Let K = ABCD with 4 face triangles numbered as T 1 = ABC, T 2 = ABD, T 3 = ACD and T 4 = BCD. Let F (x) = Bx + x 0 be an affine mapping from the reference tetrahedronK = {0 ≤ẑ ≤ 1−x−ŷ, 0 ≤ y ≤ 1−x, 0 ≤x ≤ 1} to K so that the face triangles ofK on the planex = 0,ŷ = 0,ẑ = 0 andx +ŷ +ẑ = 1 are mapped to T 1 , T 2 , T 3 and T 4 , respectively. This is shown in Figure 11 . Mapping the equation div(v 4,4 ) = q back to the reference element, we have Letx i = x i ,ŷ i ,ẑ i be interior Lagrange points for P k−1 on the face triangleT 4 = F −1 (T 4 ) on the planex+ŷ +ẑ = 1 of the reference element. We derive the following from (3.42):
Sinceq = 0 on the three edges of the triangle and mapping back to K, we conclude that
Now, for k = 4 in (3.43), we have to match q on all four faces with only one v 4,4 by lettingv
wherex i are the barycentric centers of any three-face triangle.
We repeat the construction of v 4,4 three more times to get v 4,1 , v 4,2 , v 4,3 in (3.41), whose divergence match q on the other three triangles. Similar to (3.43) we letv
where (cf. (3.44)) u i are determined by the nodal values: 
Proof. Each K ∈ Ω h is a scaling of one of 6 unit tetrahedra shown in Figure 4 . The properties listed in (3.45)-(3.47) are independent of scaling. Because we can work out the other 5 cases similarly, we show one case in which K is the unit tetrahedron AEGH shown in Figure 4 :
When restricted on K, we let the pressure space satisfying the lemma be (3.48)
For any q 0 ∈ P K , we have
where φ K is the degree-4 polynomial bubble function: (3.51) and
Further, q = 0 for any k ≤ 5, due to K q = 0, i.e., the lemma holds trivially for 4 ≤ k ≤ 5. We next introduce a subspace of
k whose image under the divergence operator is inside the space P K defined in (3.48):
We show next that the divergence operator is also an onto mapping from V K to P K . Because of divergence-free polynomials, we would reduce the space V K to a much smaller one which is mapped to the space P K one-to-one by the divergence operator. To make div v ∈ P K , we can limit
so that div v| ∂K = 0. This can be seen by the calculation (3.54) below. After eliminating divergence-free functions, we let
Indeed, we have div v 0 ∈ P K for v 0 ∈ V 0 , as
Now, for each q 0 ∈ P K , we will find a v 0 ∈ V 0 such that div v 0 = q 0 . This is done by mathematical induction. We first construct a v 0 such that the highest order terms of div v 0 match those of a given q 0 ∈ P K . For any q 0 ∈ P K , we separate the degree k − 5 terms of q 1 in (3.48) from the rest as follows:
where q 2 is a degree (k − 6) polynomial. When we compare the degree k − 5 terms of div v 0 in (3.54) and q 1 in (3.55), we need to check only the degree (k − 6) terms in v 1 , v 2 and v 3 . We let a v 0 in (3.53) be
We note that there are
coefficients of q ijl in (3.55), which defines the (k − 3)(k − 4)/2 linear equations for the unknown coefficients of v i in (3.56):
We can list the (k−3)(k−4)/2 linear equations in the following order to get an upper triangular system except the last three equations involving v 1,(k−6)00 , v 2,(k−6)00 and v 3,(k−6)00 :
Here in equations (3.57)-(3.65), the index l = k − 5 − i − j. Also in all of these equations, all v m,ijl on the right-hand side are resolved by earlier equations. For the last three equations (3.63)-(3.65), the determinant of the 3 × 3 coefficient matrix is −4(k − 6). So, for a k ≥ 7, we find a unique v 0 so that div v 0 and q 0 match the highest order terms. We move the div v 0 to the right-hand side of (3.48), combined into q 2 there. We then repeat the above construction for one lower degree q 0 , until k = 6. When k = 6, the systems of equations (3.57)-(3.65) become to −2v 2,000 = q 001 , 2v 1,000 = q 010 + 4v 2,000 , 2v 3,000 = q 100 + 2v 1,000 + 2v 2,000 .
This system is an upper triangular one, and has a unique solution.
Therefore, we constructed a locally supported v 5 on one tetrahedron AEGH. Similar construction can be done on the other five types of tetrahedra. The lemma is proven. 
By (3.45), there is a v 5 ∈ V h such that div v 5 = q − div(v 1 + v 2 + v 3 + v 4 ),
and that The discrete solution (u h , p h ) of (2.5) approximate that of (2.2) in the optimal order:
Proof. By the inf-sup condition (3.69) and the standard mixed finite element theory [10] , it follows that
whereP h is the space of continuous P k−1 polynomials with mean value zero:
The theorem is proven as both spaces V h,k andP h provide the optimal order of approximation.
Numerical tests
In this section, we report some numerical tests on the P k -P k−1 elements for the stationary Stokes equations (2.1) on the unit cube, Ω = (0, 1)
3 . The grids are obtained by the standard multigrid refinement; cf. [16] . The first three grids are depicted in Figure 2 . As we are unable to plot a 3D function in 4D, we show the restriction of the functions u (the first component) and p, on the plane z = 0.33 in Figure 12 . We note that the grids obtained by the intersection of tetrahedra in Ω h and the plane consist of both rectangles and triangles, shown at the bottom in Figure 12 and in Figure 13 . In Table 1 we list errors for the P k -P k−1 element for k = 6, on three level of grids Ω h . The iterated penalty method is used to solve the discrete linear equations. The order of convergence fits the estimate (3.70) well. We show some errors in Figure 14 . 
